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Is ritial 2D perolation universal?
Vinent Beara
Abstrat. The aim of these notes is to explore possible ways of extending
Smirnov's proof of Cardy's formula for ritial site-perolation on the trian-
gular lattie to other ases (suh as bond-perolation on the square lattie);
the main question we address is that of the hoie of the lattie embedding
into the plane whih gives rise to onformal invariane in the saling limit.
Even though we were not able to produe a omplete proof, we believe that
the ideas presented here go in the right diretion.
Mathematis Subjet Classiation (2000). 82B43, 32G15; 82B20, 82B27.
Keywords. Perolation, Conformal invariane, Complex struture.
Introdution
It is a strongly supported onjetured that many disrete models of random media,
suh as e.g. perolation and the Ising model, when taken in dimension 2 at their
ritial point, exhibit onformal invariane in the saling limit. Indeed, the uni-
versality priniple implies that the asymptoti behavior of a ritial system after
resaling should not depend on the spei details of the underlying lattie, and in
partiular it should be invariant under rotations (at least under suitable symmetry
onditions on the underlying lattie). Sine by onstrution a saling limit is also
invariant under resaling, it is natural to expet onformal invariane, as the loal
behavior of a onformal map is the omposition of a rotation and a resaling.
On the other hand, onformally invariant ontinuous models have been thor-
oughly studied by physiists, using tools suh as onformal eld theories. In 2000,
Oded Shramm ([14℄) introdued a one-parameter family of ontinuous bidimen-
sional random proesses whih he alled SLE proesses, as the only possible saling
limits in this situation, under the assumption of onformal invariane; onnetions
between SLE and CFT are now quite well understood (see e.g. [7, 1℄).
However, atual onvergene of disrete models to SLE in the saling limit
is known for only a few models. The ase on whih we fous in this paper is that
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of perolation. The topi of onformal invariane for perolation has a long history
 see [13℄ and referenes therein for an in-depth disussion of it.
In the ase of site-perolation on the triangular lattie, it is a elebrated result
of Smirnov ([16℄) that indeed the limit exists and is onformally invariant. While
the proof is quite simple and extremely elegant (see setion 3 below and referenes
therein), it is very spei to that partiular lattie, to the point of being almost
magial; it is a very natural question to ask how it an be generalized to other
ases, and in partiular to bond-perolation on the square lattie. Universality and
onformal invariane have indeed been tested numerially for perolation in various
geometries (see e.g. [12℄), and onformal invariane (assuming the existene of the
limit) is known in the ase of Voronoi perolation (see [4℄).
In fat, it seems that the question of onvergene itself has hardly been ad-
dressed by physiists, at least in the CFT ommunity  a ontinuous, onformally
invariant objet is usually the starting point of their work rather than its outome.
Tehniques suh as the renormalization group do give reason to expet the exis-
tene of a saling limit and of ritial exponents, but they seem to not give muh
insight into the emergene of rotational invariane.
This is not surprising in itself, for a very trivial reason: Take any disrete
model for whih you know that there is a onformally invariant saling limit, say
a simple random walk on Z2, and deform the underlying lattie, in a linear way,
so as to hange the aspet ratio of its faes. Then the saling limit still exists
(it is the image of the previous one by the same transformation); but obviously
it is not rotationally invariant. Sine all the resaling tehniques apply exatly
the same way before and after deformation, they annot be suient to derive
rotational invariane. A trae of this appears in the most general statement of
the universality hypothesis (see e.g. [13, setion 2.4℄): To paraphrase it, given any
two periodi planar graphs, the saling limits of ritial perolation on them are
onjugated by some linear map g.
The main question we address in these notes is the following: Given a disrete
model on a doubly periodi planar graph, how to embed this graph into the plane
so as to make the saling limit isotropi? If the graph has additional symmetry (as
for instane in the ase of the square or triangular latties), the embedding has
to preserve this symmetry; so a restating of the same question in the terms of the
universality hypothesis would be, absent any additional symmetry for one of the
two graphs involved, an one determine the map g?
The most surprising thing (to me at least) about the question, besides the
fat that it appears to atually be orthogonal to the interests of physiists in that
domain, is that its answer turns out to depend on the model onsidered. In other
words, there is no absolute notion of a onformal embedding of a general graph.
In the ase of the simple random walk, the answer is quite easy to obtain, though
it does not seem to have appeared in the literature in the form we present it here;
in the ase of perolation, I ould nd no referene whatsoever, the losest being
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the disussion and numerial study of striated models in [13℄ where, instead of
looking at a dierent graph, the parameter p in the model is hosen to depend on
the site in Z2 in a periodi fashion  whih admittedly is a very related question.
The paper is roughly divided into two parts. In the rst one, omprised of
the rs two setions, we introdue some notation and the general framework of
the approah, and we treat the ase of the simple random walk. This is enough to
prove that the orret embedding is not the same for it as for perolation; we then
argue that irle pakings might give a way to answer the question in the latter
ase. In the seond part, whih is of a more speulative nature, we investigate
Smirnov's proof in some detail, and rephrase it in suh a way that its general
strategy an be applied to general triangulations. We then desribe the two main
steps of a strategy that ould lead to its generalization, though we were able to
perform none of the two.
1. Notation and setup
1.1. The graph
We rst dene the lass of triangulations of the plane we are interested in. Let T
be a 3-regular nite graph of genus 1 (i.e., a graph that is embeddable in the torus
T2 := R2/Z2 but not in the plane, and having only verties of degree 3). For ease
of notation, we assume that T is equipped with a xed embedding in T2, whih
we also denote by T . The dual T ∗ of T (whih we also assume to be embedded in
the torus one and for all) is then a triangulation of T2.
Let Tˆ (resp. Tˆ ∗) be the universal over of T (resp. T ∗): Then Tˆ and Tˆ ∗ are
mutually dual, innite, loally nite planar graphs, on whih Z2 ats by translation.
We are interested in natural ways of embedding Tˆ into the omplex plane C. Let
Ti (the meaning of the notation will beome lear in a minute) be the embedding
obtained by pulling T bak using the anonial projetion from R2 to T2  we
will all Ti the square embedding of T .
For every α ∈ C \ R, let ϕα : C → C be the R-linear map dened by
ϕα(x+ iy) = x+ αy (i.e., it sends 1 to itself and i to α) and let Tα be the image
of Ti by ϕα. For lak of a better term, we will all Tα the embedding of modulus α
of T in the omplex plane.
Notie that the notation Tα depends on the a priori hoie of the embedding
of T in the at torus; but, up to rotation and saling, the set of proper embeddings
of Tˆ obtained starting from two dierent embeddings of T is the same, so no
generality is lost (as far as our purpose in these notes is onerned).
One very useful restrition on embeddings is the following:
Denition 1. We say that an embedding Tα of Tˆ in the omplex plane is balaned
if eah of its verties is the baryenter (with equal weights) of its neighbors; or,
equivalently, if the simple random walk on it is a martingale.
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Proposition 2. Let T be a 3-regular graph of genus 1: Then, for every α ∈ H, there
is a balaned embedding of Tˆ in the omplex plane with modulus α. Moreover, this
embedding is unique up to translations of the plane.
Proof. We only give a sketh of the proof, beause expanding it to a full proof is
both straightforward and tedious. The main remark is that any periodi embedding
whih minimizes the sum S2, over a period, of the squared lengths of its edges is
balaned: Indeed, the gradient, with respet to the position of a given vertex, of
S2 is exatly the dierene between this point and the baryenter of its neighbors.
(This would be true in any Eulidean spae.) It is easy to use a ompatness
argument to prove the existene of suh a minimizer.
To prove uniqueness up to translation is a little trikier, but sine it is not
neessary for the rest of this paper, we allow ourselves to give an even skethier
argument. First, one an get rid of translations by assuming that a xed vertex
of Tˆ is put at the origin by the embedding; the set of all possible embeddings of
modulus α is then parameterized by 2(|V (T )| − 1) real-valued parameters, whih
are the oordinates of the loations of the other verties in one period of Tˆ . In
terms of these variables, S2 is polynomial of degree 2. It is bounded below by the
squared length of the longest edge in the embedding, whih itself is bounded below,
up to a onstant depending only on the ombinatoris of the graph, by the square
of the largest of the 2(|V (T )| − 1) parameters; so it goes to innity uniformly at
innity. This implies that its Hessian (whih is onstant) is positive denite, so S2
is stritly onvex as a funtion of those variables. This immediately implies the
uniqueness of the minimizer. 
An essential point is that, even though our proof uses Eulidean geometry,
the fat that the embedding is balaned is a linear ondition. In partiular, if the
embedding Ti is balaned, then so are all the other Tα. The orresponding a priori
embedding of T itself into the at torus T2 (whih is also unique up to translations)
will be freely referred to as the balaned embedding of T into the torus.
1.2. The probabilisti model
We will be interested in ritial site-perolation on the triangulation T ∗α; more
speially, the question we are interested is the following. Let Ω be a simply
onneted, smooth domain in the omplex plane, and let A, B, C and D be four
points on its boundary, in that order. For every δ > 0, let Ωδ be the largest
onneted omponent (in terms of graph onnetivity) of the intersetion of Ω
with δTα, and Ω
∗
δ be its dual graph. Ωδ should be seen as a disretization of Ω at
sale δ. Let Aδ, Bδ, Cδ and Dδ be the verties of Ωδ that are losest to A, B, C
and D respetively.
The model we are most interested in is ritial site-perolation on Ω∗δ ; how-
ever, most of the following onsiderations remain valid for other lattie models.
Let Cδ(Ω, A,B,C,D) be the event that there is an open rossing in Ω
∗
δ , between
the intervals AδBδ and CδDδ of its boundary. Under some symmetry onditions
on T , Russo-Seymour-Welsh theory ensures that at ritiality, the probability of
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Cδ(Ω, A,B,C,D) is bounded away from both 0 and 1 as δ goes to 0. Its limit was
onjetured by Cardy (see [6℄) using non-rigorous arguments from onformal eld
theory; atual onvergene was proved, in the ase of the triangular lattie (embed-
ded in suh a way that its faes are equilateral triangles), by Smirnov (see [15, 3℄).
We defer the statement of the onvergene to a later time. The following denition
has beome standard:
Denition 3. Assume that, for every hoie of (Ω, A,B,C,D), the probability of
the event Cδ(Ω, A,B,C,D) has a limit fα(Ω, A,B,C,D) as δ → 0  we will refer
to this by saying that the model has a saling limit. We say that the model is
onformally invariant in the saling limit if, for every onformal map Φ from Ω to
Φ(Ω), one has
fα(Ω, A,B,C,D) = fα(Φ(Ω),Φ(A),Φ(B),Φ(C),Φ(D)).
This is equivalent to saying that fα(Ω, A,B,C,D) only depends on the modulus
of the onformal retangle (Ω, A,B,C,D).
(Notie that the extension of Φ to the boundary of Ω, whih is neessary
for the above denition to make sense, is ensured as soon as Ω is assumed to be
regular enough.)
2. Periodi embeddings
2.1. Uniqueness of the modulus
Given T , it is natural to ask whether it is possible to hoose a value for α whih
provides onformal invariane in the saling limit. There are two possible strategies:
Either give an expliit value for whih a mirale ours (in physial terms, for
whih the model is integrable  this is what Smirnov did in the ase of the
triangular lattie), or obtain its existene in a non-onstrutive way  whih is
what we are trying to do here.
A reassuring fat is that, whenever suh an α exists, it is essentially unique:
Proposition 4. For every graph T , there are either zero or two values of α suh
that ritial site-perolation on T ∗α is onformally invariant in the saling limit. In
the latter ase, the two values are omplex onjugates of eah other.
Proof. The key remark is the following: Let β be a non-real omplex number. Sine
the event Cδ is dened using purely ombinatorial features, one an push the whole
piture forward through ϕβ without hanging its probability. Let α
′ = ϕβ(α): ϕβ
then transforms Ω into ϕβ(Ω) and the lattie Tα into Tα′ . So, assuming onvergene
on both sides, one always has
fα(Ω, A,B,C,D) = fα′(ϕβ(Ω), ϕβ(A), ϕβ(B), ϕβ(C), ϕβ(D)).
In the ase β = −i, ϕβ is simply the map z 7→ z¯. In that ase, the modulus of
the onformal retangle (ϕ−i(Ω), D¯, C¯, B¯, A¯) is the same as that of (Ω, A,B,C,D),
and learly the event Cδ is invariant when the order of the orners is reversed. So,
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onformal invariane for Tα and the previous remark implies that fα¯(Ω, A,B,C,D)
still only depends on the modulus of the onformal retangle  in other words,
if ritial perolation Tα is onformally invariant in the saling limit, that is also
the ase on Tα¯.
Now assume onformal invariane in the saling limit for two hoies of the
modulus in the upper-half plane; these moduli an always be written as α and
α′ = ϕβ(α) for an appropriate hoie of β ∈ H \ {i}. Still using the above remark,
all that is needed to arrive to a ontradition is to show that fα does atually
depend on the modulus of the retangle (i.e., that it is not onstant), and that
there exist two onformal retangles with the same modulus and whose images by
ϕβ have dierent moduli.
For the former point, it is enough to prove that for every hoie of ρ, ρ′ > 0,
the probability of rossing the retangle [0, ρ]× [0, 1] horizontally is stritly larger
than that of rossing [0, ρ+ ρ′]× [0, 1]. This is obvious by Russo-Seymour-Welsh:
The event that there is a vertial dual rossing in δT ∗α ∩ [ρ + δ, ρ + ρ′] × [0, 1] is
independent of Cδ([0, ρ]× [0, 1], ρ, ρ+ i, i, 0) and its probability is bounded below,
uniformly in δ < ρ′/10, by some positive ε depending only on ρ and ρ′. Hene,
still assuming that the limits all exist as δ → 0,
fα([0, ρ+ ρ
′]× [0, 1], ρ+ ρ′, ρ+ ρ′ + i, i, 0) 6 (1 − ε)fα([0, ρ]× [0, 1], ρ, ρ+ i, i, 0).
For the latter point, assume that ϕβ preserves the equality of moduli of on-
formal retangles. Let Q = [0, 1]2 be the unit square. By symmetry, the onformal
retangles (Q, 0, 1, 1 + i, i) and (Q, 1, 1 + i, i, 0) have the same modulus; on the
other hand ϕβ(Q) is a parallelogram, and by our hypothesis on ϕβ it has the same
modulus in both diretions. This easily implies that it is in fat a rhombus. If now
Q′ is the square with verties 1/2, 1 + i/2, 1/2+ i, i/2, ϕβ(Q
′) is both a rhombus
(by the same argument) and a retangle (beause its verties are the midpoints of
the edges of ϕβ(Q) whih is a rhombus). Hene ϕβ(Q
′) is a square, and so is ϕβ(Q),
and in partiular β = ϕβ(i) = i, whih is in ontradition with our hypothesis. 
When suh a pair of moduli exists, we will denote by αpercT the one with
positive imaginary part. The same reasoning an be done for various models, and
in eah ase where the saling limit exists and is non-trivial, there will be a pair of
moduli making it onformally invariant; we will distinguish them from eah other
by using the name of the model as a supersript (so that for instane αRWT makes
the simple random walk onformally invariant in the saling limit  f. below).
When an argument does not depend on the spei model (as is the ase in
the next subsetion), we will use the generi notation αT as a plaeholder.
2.2. Obtaining αT by symmetry arguments
It should be noted that, beause the value of αT (when it exists) is uniquely
dened by the ombinatoris of T , there are ases where additional symmetry
speies its value uniquely. Indeed, assume Ψ is a graph isomorphism of Tˆ whih
is neither a translation nor a entral symmetry; for every α, it indues a topologial
isomorphism of Tα. Assume without loss of generality that the origin of the plane
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is hosen to be one of the verties of Tα; let z0 = Ψ(0), z1 = Ψ(1) and zα = Ψ(α)
(notie that both 1 and α are also verties of Tα).
Assume α = αpercT . BeauseΨ is an isomorphism, it preserves site-perolation;
so, in partiular, ritial site-perolation on Ψ(Tα) is onformally invariant in the
saling limit. By Proposition 4, this implies that
zα − z0
z1 − z0 =
Ψ(α)−Ψ(0)
Ψ(1)−Ψ(0) ∈ {α, α¯}. (2.1)
This ondition is then enough to obtain the value of αT . There are two natural
examples of that (illustrated in Figures 1 and 2), whih we now desribe.
Figure 1. The graphs Th (left) and Ts (right), embedded into
T2 in a balaned way with a vertex at the origin; empty irles
and dotted lines represent the dual graphs. Both are represented
using their square embedding, so the triangles in Th are not equi-
lateral.
Figure 2. The same graphs as in Figure 1, with the origin on a
vertex of the dual.
• Let Th be one period of the honeyomb lattie, embedded into T2 in suh
a way that every vertex is the baryenter of its neighbors (we will all suh
an embedding balaned); sine we take T2 to be a square, the oordinates of
the verties of Th are (0, 0), (1/3, 0), (1/2, 1/2) and (5/6, 1/2). There is an
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isomorphism Ψh of order 3 of Tˆh, orresponding to rotation around (0, 0); on
Tα, it sends 0 to z0 = 0, 1 to z1 = (3α − 1)/2 and α to zα = −(1 + α)/2.
Sine Ψh preserves orientation, Equation (2.1) leads to
zα − z0
z1 − z0 =
1 + α
1− 3α = α =⇒ α = ±i
√
3
3
,
in other words αTh = i
√
3/3. Not surprisingly, this orresponds to embedding
the faes of Tˆ ∗h as equilateral triangles, and those of Tˆh as regular hexagons.
• Let Ts be hosen in suh a way that Tˆ ∗s has the topology of the entered square
lattie; if again the embedding is balaned, the oordinates of the verties of
Ts are (0, 0), (1/2, 0), (1/4, 1/4) and (1/4, 3/4). There is an isomorphism
Ψs of order 4 of Tˆs, orresponding to a rotation rotation around the vertex
(1/4, 0) of T ∗s . In that ase
zα − z0
z1 − z0 =
(−3/4− α/4)− (1/4− α/4)
(1/4 + 3α/4)− (1/4− α/4) =
−1
α
= α =⇒ α = ±i,
so αTs = i. Again not surprisingly, this orresponds to the usual embedding
of the square lattie using  well, squares.
Of ourse, identifying αT in those ases is a long way from a proof of onformal
invariane; but it would seem that understanding, in the general ase, what αpercT
is would be a signiant progress in our understanding of the proess.
2.3. Embedding using random walks
As an aside, in this subsetion and the next we desribe two natural ways of embed-
ding a doubly periodi graph into the omplex plane, whih both have something
to do with onformal invariane.
Let T be a nite 3-regular graph of genus 1, embedded in T2 in a balaned
way, and let (Xn)n>0 be a simple random walk on it. For simpliity, assume that
(Xn) is irreduible as a Markov hain. (Both 3-regularity and irreduibility are
ompletely unneessary as far as the results presented here are onerned, and
the same reasoning would work in the general ase, but notation would be a little
tedious.) Sine T is nite, (Xn) onverges in distribution to the unique invariant
measure, whih, beause T is 3-regular, is the uniform measure on V (T ); moreover
the onvergene is exponentially fast.
Now pik α ∈ H, and lift (Xn) to a simple random walk (Zn) on Tα. By the
balane ondition on the embedding, it is easy to hek that (Zn) is a martingale;
exponential deay of orrelations between its inrements is enough to obtain a
entral limit theorem (f. for instane [9℄ and referenes therein). To write the
ovariane matrix in a onvenient form, we need some notation. For eah (oriented)
edge e of T , hoose z1(e) and z2(e) in Tα in suh a way that they are neighbors
and the edge (z1(e), z2(e)) is a pre-image of e by the natural projetion from Tα
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to T ; let eα := z2(e)− z1(e)  obviously it does not depend on the hoie of z1(e)
and z2(e). Dene
Σxxα (T ) :=
1
|E(T )|
∑
e∈E(T )
(ℜeα)2,
Σyyα (T ) :=
1
|E(T )|
∑
e∈E(T )
(ℑeα)2,
Σxyα (T ) :=
1
|E(T )|
∑
e∈E(T )
(ℜeα)(ℑeα).
It is not diult to ompute the ovariane matrix of the saling limit of the walk:
Proposition 5. As n goes to innity, n−1/2Zn onverges in distribution to a Gauss-
ian variable with ovariane matrix
Σα(T ) :=
[
Σxxα (T ) Σ
xy
α (T )
Σxyα (T ) Σ
yy
α (T )
]
.
Proof. The walk is entered by denition; the existene of a Gaussian limit is a
diret onsequene of the exponential deay of step orrelations. All that remains
to be done is to ompute the ovariane matrix. We fous on the rst matrix entry,
the others being similar. We have
Var(n−1/2ℜZn) = E

 1
n
(
n−1∑
k=0
ℜ(Zk+1 − Zk)
)2 = 1
n
n−1∑
k=0
E
[
(ℜ(Zk+1 − Zk))2
]
(the other terms disappear by the martingale property). We know that Zk+1−Zk
onverges in distribution, beause the walk on T onverges in distribution; its limit
is the distribution of eα where e is an edge of T hosen uniformly. By Cesàro's
Lemma, the expression above then onverges to Σxxα ; the omputation of the other
entries in Σα(T ) it exatly similar. 
Even though the previous denition of onformal invariane in the saling
limit does not apply diretly in this ase, its natural ounterpart is to ask for
the saling limit of the walk to be rotationally invariant (i.e., to be standard
two-dimensional Brownian motion); this is equivalent to saying that the ovari-
ane matrix Σα(T ) is salar, and sine its entries are real, yet another equivalent
formulation is
[Σxxα (T )− Σyyα (T )] + i [Σxyα (T )] = 0 ⇐⇒
∑
e∈E(T )
(eα)
2 = 0.
The last equation is a seond-degree equation in α with real-valued oe-
ients. If α ∈ R, all the terms are non-negative and at least one is positive, so
the equation has no solution in R; letting α go to +∞ along the real line leads
to |E(T )| positive terms, at least one of whih is of order α2, so the oeient
in α2 in the equation is not zero. Hene the equation has exatly two solutions
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whih are omplex onjugate of eah other  the situation is very similar to the
one in Proposition 4. For further referene, we let αRWT be the one with positive
imaginary part. One advantage of this hoie (besides the fat that it exists for
every doubly periodi graph) is that the value of αRWT is very easy to ompute.
Remark 6. In the more general ase of a doubly periodi graph but without the
assumptions of 3-regularity and irreduibility (but still assuming that the embed-
ding is balaned), the ondition
∑
e2α is still neessary and suient for the walk
to be isotropi in the saling limit  and the proof is essentially the same, so we
do not delve into more detail.
Remark 7. Of ourse, in the ases where T has some additional symmetry, αRWT
is the same as that obtained in the previous subsetion using symmetry . . .
Remark 8. One an also look at a simple random walk on the dual graph T ∗α, and
ask for whih values of α this dual walk is isotropi in the saling limit. As it turns
out, the modulus one obtains this way is the same as on the initial graph, in other
words
αRWT = α
RW
T∗ .
This is a very weak version of universality, and unfortunately there doesn't seem
to be a purely disrete proof of it  say, using a oupling of the two walks.
There is another natural way to obtain the same ondition. We are planning
on studying onvergene of disrete objets to onformally invariant limits, so it
is a good idea to look for disrete-harmoni funtions on Tα (with respet to the
natural Laplaian, whih is the same as the generator of the simple random walk
on Tα). The ondition of balaned embedding is exatly equivalent to saying that
the identity map is harmoni on Tα; it is a linear ondition, so it does not depend
on the value of α.
The main diulty when looking at disrete holomorphi maps is that the
produt of two suh maps is not holomorphi in general. But we are interested in
saling limits, so maybe imposing that suh a produt is in fat almost disrete
holomorphi (in the sense that it satises the Cauhy-Riemann equations up to
an error term whih vanishes in the saling limit) would be suient.
Whether the previous paragraph makes sense or not  let us investigate
whether the map ζ : z 7→ z2 is disrete-harmoni. For every z ∈ Tα, we an write
∆ζ(z) =
1
3
∑
z′∼z
(z′2 − z2) = 1
3
∑
e∈Ez(T )
(z + eα)
2 − z2 = 1
3
∑
e∈Ez(T )
e2α
(the term in
∑
zeα vanishes beause the embedding is balaned). So, if ζ is disrete-
harmoni, summing the above relation over z ∈ T gives the very same ondition∑
e2α = 0 as before; in other words, α
RW
T is the embedding for whih z 7→ z2 is
disrete-harmoni on average.
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As a last remark, let us investigate how strong the ondition of exat har-
moniity of ζ is; so assume that α is hosen in suh a way that ∆ζ is identially
0. Let e be any oriented edge of T ; let e′ := τ.e and e′′ := τ2.e be the two other
edges sharing the same soure as e. The balane ondition on the embedding plus
harmoniity of ζ imply the following system:{
eα + e
′
α + e
′′
α = 0
e2α + (e
′
α)
2 + (e′′α)
2 = 0
(2.2)
Up to rotation and saling, one an always assume that eα = 1, so the system
redues to e′α + e
′′
α = −1 and (e′α)2 + (e′′α)2 = −1. Squaring the rst of these two
relations and substrating the seond, one obtains e′αe
′′
α = 1, so e
′
α and e
′′
α are the
two solutions of the equation
X2 +X + 1 = 0
whih implies that {e′α, e′′α} = {e±2pii/3}. To sum it up:
Proposition 9. The only 3-regular graph on whih the map ζ : z 7→ z2 is disrete-
harmoni is the honeyomb lattie, embedded in suh a way that its faes are regular
hexagons.
So, imposing ζ to be harmoni not only determines the embedding, it also
restrits T to essentially one graph; but in terms of saling limits, the ondition
that ζ is harmoni on the average makes as muh sense as the exat ondition.
2.4. Embedding using irle pakings
There is another way to speify essentially unique embeddings of triangulations,
whih is very strongly related to onformal geometry, using the theory of irle
pakings. It is a fasinating subjet in itself and a detailed treatment would be
outside of the purpose of these notes, so the interested reader is advised to onsult
the book of Stephenson [18℄ and the referenes therein for the proofs of the laims
in this subsetion and muh more.
We rst give a version of a theorem of Köbe, Andreev and Thurston, speial-
ized to our ase. It is a statement about triangulations, whih is why we atually
apply it to T ∗ instead of diretly to T . Notie that we do not assume T to be
already embedded into the torus T2.
Theorem 10 (Disrete uniformization theorem [18, p. 51℄). Let T ∗ be a nite
triangulation of the torus, and let Tˆ ∗ be its universal over. There exists a loally
nite family (Cv)v∈V (Tˆ∗) of disks of positive radii and disjoint interiors, satisfying
the following ompatibility ondition: Cv and Cv′ are tangent if, and only if, v and
v′ are neighbors in Tˆ ∗.
Suh a family is alled a irle paking assoiated to the graph Tˆ ∗. It is es-
sentially unique, in the following sense: If (C′v) is another irle paking assoiated
to Tˆ ∗, then there is a map ϕ : C → C, either of the form z 7→ az + b or of the
form z 7→ az¯ + b, suh that for every v ∈ V (Tˆ ∗), C′v = ϕ(Cv).
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Remark 11. The existene part of the above theorem remains true in a muh
broader lass of graphs; essentially all that is neessary is bounded degree and
reurrene of the simple random walk on it. (One an see that a paking exists by
ompleting the graph into a triangulation.) The uniqueness part however fails in
general, as is made lear as soon as one tries to onstrut a irle paking assoiated
to the square lattie . . .
A onsequene of the uniqueness part of the theorem is the following: Let
θ : Tˆ ∗ → Tˆ ∗ be a translation along one of the periods of Tˆ ∗, and let C′v := Cθ(v);
aording to the theorem, let ϕ be suh that C′v = ϕ(Cv) for all v. Up to omposition
of ϕ by itself, one an always assume that it is of the form ϕ(z) = az + b. By the
assumption of loal niteness of the irle paking, one has |a| = 1; besides, the
orbits of θ are unbounded, so those of ϕ are too, and in partiular it does not
have a xed point, whih implies that a = 1 and b 6= 0. In other words, ϕ is a
translation, i.e. the irle paking assoiated to Tˆ ∗ is itself doubly periodi.
As soon as one is given a irle paking assoiated to a planar graph, it
omes with a natural embedding: Every vertex v ∈ V (Tˆ ∗) will be represented by
the enter of Cv, and if v′ is a neighbor of v, the edge (v, v′) will be embedded as a
segment  whih is the union of a radius of Cv and a radius of Cv′ , beause those
two disks are tangent. One an then speify an embedding of Tˆ by putting eah of
its vertex at the enter of the disk insribed in the orresponding triangular fae
of (the embedding of) Tˆ ∗; the olletion of all those insribed disks is in fat a
irle paking assoiated with the graph Tˆ (see Figure 3).
Figure 3. The irle pakings assoiated to the graph Ts (solid
lines) and its dual (dotted lines).
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Of more interest to us is the fat that the embedding is itself doubly peri-
odi, by the previous remarks. Up to rotation, and saling and maybe omplex
onjugation, one an assume that the period orresponding to the translation by
1 (resp. i) in T2 is equal to 1 (resp. α ∈ H). One again, the value of the modulus
α is uniquely determined; for further referene, we will denote it by αCPT .
Yet again, as soon as one additional symmetry is present in Tˆ , the value
of αCPT is the same as that obtained using the symmetry; this is again a diret
onsequene of the essential uniqueness of the irle paking.
2.5. Exoti embeddings
Looking losely at Smirnov's proof, one noties that essentially the only plae
where the speis of the graph are used is in the proof of integrability or exat
anellation; we will ome bak to this in the next setion, let us just mention
that the key ingredient in the phenomenon an be seen to be the fat that ψ(e)
(as introdued earlier) is identially 0. This is equivalent to saying that all the
triangles of the triangular lattie are equilateral.
A way to try and generalize the proof is to demand that all the faes of T ∗α
be equilateral triangles. Of ourse this annot be done by embedding it in the
plane, even loally  the total angle around a vertex would be equal to 2pi only
if the degree of the vertex is 6. But one an build a 2-dimensional manifold MT
with oni singularities by gluing together equilateral triangles aording to the
ombinatoris of Tˆ ∗; sine the average degree of a vertex of T ∗ is equal to 6, the
average urvature of the manifold (dened e.g. as the limit of the normalized total
urvature in large diss) is 0.
The manifold MT is not at in general (the only ase where it is being
the triangular lattie), but it is homeomorphi to the omplex plane, and one
an hope to see it as a perturbation of it on whih some of the standard tools
of omplex analysis ould have ounterparts  the optimal being to be able to
perform Smirnov's proof within it. This is no easy task, and is probably not doable
anyway.
To relate MT to the topi of this setion, one an try to dene a module out
of it. A good andidate for that is the following: Assume that MT an be realized
as a sub-manifold of R
3
(or in R
d
for d > 2 large enough), in suh a way that the
(ombinatorial) translations on Tˆ at by global translations of the ambient spae,
thus forming a periodi sub-manifold. Then there is a opy of Z2 ating on it, and
the ane plane ontaining a given point of MT and spanned by the diretions of
the two generators of that group is at nite Hausdor distane from it; in other
words, this realization of MT looks like a bounded perturbation of a Eulidean
plane.
One an then look at the orthogonal projetions of the verties of Tˆ ∗ (seen as
points of MT ) onto that plane; this reates a doubly periodi, loally nite family
of points of the Eulidean plane. It is not always possible to form an embedding
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of Tˆ ∗ in the plane from it (with disjoint edges); but it does dene a value of α as
above.
Unfortunately, there are ases when this value of α is not well-dened, in the
sense that it depends on the hoie ofMT ; this happens if the (innite) polyhedron
assoiated to Tˆ ∗, with equilateral faes, is exible. The simplest example of this
phenomenon is to take T to be two periods of the honeyomb lattie in eah
diretion.
2.6. Comparing dierent methods of embedding
We now have at least two (forgetting about the last one) ways of giving a onformal
struture to a torus equipped with a triangulation  whih is but another way of
referring to the hoie of α. Assuming that ritial perolation does have a saling
limit, it leads to a third hoie αPercT of it.
It would be a natural intuition that all these moduli are the same, and orre-
spond to a notion of onformal embedding of a triangulation (or a 3-regular graph)
in the plane; and they all have a laim to that name. But this is not true in general:
We detail the onstrution of a ounterexample. Start with the graph Ts and its
dual T ∗s ; and rene one of the vertial triangular faes of T
∗
s by adding a vertex
in the interior of it, onneted to its three verties. In terms of the primal graph,
this orrespond to replaing one of its verties by a triangle  see Figure 4. Let T ′s
be the graph obtained that way; we will refer to suh a splitting as a renement,
and to the added vertex as a new vertex.
Figure 4. Square (but not balaned) embeddings of T ′s (solid)
and its dual (dotted); the origin is taken as a point of T ′s on the
left, and as a point of the dual on the right, orresponding to the
ones hosen for Figures 1 and 2.
In terms of irle pakings, this hanges essentially nothing; the new vertex of
(T ′s)
∗
an be realized as a new dis without modifying the rest of the onguration
(f. Figure 5). In terms of random walks, however, adding edges will modify the
ovariane matrix in the entral limit theorem. The omputation an be done
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easily, as explained above, and one gets the following values:
αCPT ′
s
= i = αCPTs ; α
RW
T ′
s
= i
√
6
7
6= i = αRWT .
In this partiular ase, the value of αRW(T ′
s
)∗ is also i
√
6/7.
Figure 5. Splitting a fae of a triangulation into 3 triangles,
and the orresponding modiation of its irle paking (added
features represented by dashed lines)
So, αRW and αCP are dierent in general. Is αPerc (provided it exists) one
of them? An easy fat to notie is the following: Let T ∗ be a triangulation of the
torus and let (T ′)∗ be obtained from it by splitting a triangle into 3 as in the
onstrution of T ′s. Then, onsider two realizations of site-perolation at pc = 1/2
on both universal overs, oupled in suh a way that the ommon verties are in the
same state for both models. In other words, start with a realization of perolation
on Tˆ ∗ and without hanging site states, rene a periodi family of triangles of it
into 3, hoosing the state of eah new vertex independently of the others and of
the onguration on Tˆ ∗.
If there is a hain of open verties in Tˆ ∗, this hain is also a hain of open ver-
ties in the rened graph  beause all the edges are preserved in the renement.
Conversely, starting from a hain of open verties in the renement and removing
eah ourrene of a new vertex on it, one obtains a hain of open verties in Tˆ ∗;
the reason for that being that the triangle is a omplete graph. Another way of
stating the same fat is to say that opening (resp. losing) one of the new verties
annot join two previously disjoint open lusters (resp. split a luster into two
disjoint omponents); they annot be pivotal for a rossing event.
Hene, the probability that a large onformal retangle is rossed is the same
in both ases (at least if the hoie of the disrete approximation of its boundary
is the same for both graphs, whih in partiular implies that it ontains no new
vertex), and so is fα for every hoie of α (still assuming that it exists, of ourse).
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If one is onformally invariant in the saling limit, the other also has to be. In
short,
αPercT = α
Perc
T ′ .
Looking at irle pakings instead of perolation, we get the same identity
(as was mentioned in the partiular ase of Ts), with a very similar proof: Adding
a vertex does not hange anything to the rest of the piture, and we readily obtain
αCPT = α
CP
T ′ .
This leads us to the following hope, whih we state as a onjeture even though it
is muh loser to being wishful thinking:
Conjeture 12. Let T ∗ be a triangulation of the torus. Then, the ritial parameter
for site-perolation on its universal over Tˆ ∗ is equal to 1/2, and for every α ∈ H,
ritial site-perolation on Tˆ ∗α has a saling limit. The value of the modulus α for
whih the model is onformally invariant in the saling limit is that obtained from
the irle paking assoiated to Tˆ ∗:
αPercT = α
CP
T .
3. Critial perolation on the triangular lattie
For referene, and as a way of introduing our general strategy, we give in this
setion a very shortened version of Smirnov's proof of the existene and onformal
invariane of the saling limit for ritial site-perolation on the triangular lattie
Th. The interested reader is advised to onsult our previous note [3℄ for an ex-
tended shortening, or Smirnov's artile [16℄ for the original proof; see the book of
Bollobás and Riordan [5℄ for a more detailed treatment. Up to osmeti hanges,
we follow the notation of [3℄.
Remark 13. Up to the last paragraph of the setion, we are not assuming that
the lattie we are working with is the honeyomb lattie; our only assumption is
that we have an a priori bound for rossing probabilities of large retangles whih
depends on their aspet ratio but not on their size (we assume Russo-Seymour-
Welsh onditions). It is not atually lear how general those are; all the standard
proofs require at least some symmetry in the lattie in addition to periodiity, but
it is a natural onjeture that periodiity is enough.
Here and in the remainder of this paper, τ := e2pii/3 will be the third root
of unity with positive imaginary part. Let T be a nite graph of genus 1, Tα an
embedding of modulus α of T in the omplex plane; let V (Tα) (resp. E(Tα)) be
the set of verties (resp. oriented edges) of Tα. Eah vertex z ∈ V (Tα) has three
neighbours; let Ez(Tα) be the set of the three oriented edges in E(Tα) having their
soure at z. That set an be ylially ordered ounterlokwise; if e ∈ Ez(Tα) is
one of the three edges starting at z, we will denote by τ.e (resp. τ2.e) the next
(resp. seond to next) edge in the ordering.
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Remark 14. In the partiular ase of the honeyomb lattie, seeing eah edge as
a omplex number (being the dierene between its target and its soure), the
notation τ.e orresponds to omplex multipliation by e2pii/3  in other words,
τ.e = τe as a produt of omplex numbers. That is of ourse not the ase in
general, but we keep the formal notation for larity. In what follows, whenever an
algebrai expression involves the produt of a omplex number by an edge of Tα or
T ∗α, as above the edge will be understood as the dierene, as a omplex number,
between its target and its soure; we will never use formal linear ombinations of
edges. The notation τ.e (with a dot) will be reserved for the topologial rotation
within Ez(Tα).
Let again Ω be a smooth Jordan domain in the omplex plane, and let A,
B, C and D be three points on its boundary, in that order when following ∂Ω
ounterlokwise. Let Ωδ be the largest onneted omponent of Ω ∩ δTα, and let
Aδ (resp. Bδ, Cδ, Dδ) be the point of Ωδ that is losest to A (resp. B, C, D). The
main result in Smirnov's paper ([16℄) is the following:
Theorem 15 (Smirnov). In the ase where Tα is the honeyomb lattie, embedded
so as to make its faes regular hexagons ( i.e., when α = i
√
3/3), ritial site-
perolation has a onformally invariant saling limit. If Ω is an equilateral triangle
with verties A, B and C, then
fα(Ω, A,B,C,D) =
|CD|
|CA| .
Knowing this partiular family of values of fα is enough, together with on-
formal invariane, to ompute it for any onformal retangle. The formula obtained
for a retangle is known as Cardy's formula.
To eah edge e ∈ E(Tα) orresponds its dual oriented edge e∗ ∈ E(T ∗α),
oriented in suh a way that the angle (e, e∗) is in (0, pi). If −e denotes the edge
with the same endpoints as e but the reverse orientation, then we have e∗∗ = −e.
Dene
ψ(e) := e∗ + τ(τ.e)∗ + τ2(τ2.e)∗
(where as above we interpret the edges e∗, (τ.e)∗ and (τ2.e)∗ as omplex numbers).
It is easy to hek that ψ(e) = 0 if, and only if, the fae of T ∗α orresponding to
the soure of e is an equilateral triangle; so, ψ(e) an be seen as a measure of the
loal deviation between Tα and the honeyomb lattie. An identity whih will be
useful later is the following:
∀z ∈ V (Tα),
∑
e∈Ez(Tα)
ψ(e) = 0. (3.1)
For every z ∈ Ωδ, let EA,δ(z) be the event that there is a simple path of open
verties of Ω∗δ , joining two points of the boundary of the domain, whih separates
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z and A from B and C; let HA := P [EA,δ(z)]. Dene similar events for points B
and C by a irular permutation of the letters, and let
Sδ(z) := HA,δ(z) +HB,δ(z) +HC,δ(z),
Hδ(z) := HA,δ(z) + τHB,δ(z) + τ
2HC,δ(z).
It is a diret onsequene of Russo-Seymour-Welsh estimates that these funtions
are all Hölder with some universal positive exponent, with a norm whih does not
depend on δ, so by Asoli's theorem they form a relatively ompat family, and as
δ → 0 they have subsequential limits whih are Hölder maps from Ω to C; all that
is needed is prove that only one suh limit is possible.
The key argument is to show that if h (resp. s) is any subsequential limit of
(Hδ) (resp. (Sδ)) as δ → 0, then h and s are holomorphi; indeed, assume for a
moment that they are. Sine s is also real-valued, it has to be onstant, and its
value is 1 by boundary onditions (e.g. at point A). On the other hand, along the
boundary ar (AδBδ) of ∂Ωδ, HC,δ is identially 0, so the image of the ar (AB)
by h is ontained in the segment [1, τ ] of C; and similar statements hold mutatis
mutandis for the ars (BC) and (CA). By basi index theory, this implies that h
is the unique onformal map sending Ω to the (equilateral) triangle of verties 1, τ
and τ2, and that is enough to haraterize it and to nish the proof of Theorem 15.
So, the rux of the matter, as expeted, is to prove that the map h has to
be holomorphi. The most onvenient way to do that is to use Morera's theorem,
whih states that h is indeed holomorphi on Ω if, and only if, its integral along
any losed, smooth urve ontained in Ω is equal to 0.
Let γ be suh a urve, and let γδ = (z0, z1, . . . , zLδ = z0) be a losed hain of
verties of Ωδ whih approximates it within Hausdor distane δ and has O(δ−1)
points. Beause the funtions Hδ are uniformly Hölder, it follows that∮
γδ
Hδ(z)dz :=
Lδ−1∑
k=0
Hδ(zk)(zk+1 − zk)→
∮
γ
h(z)dz.
We want to prove that, for a suitable hoie of α, the disrete integral on the
left-hand side of that equation vanishes in the saling limit.
If e = (z, z′) is an oriented edge of Ωδ, dene PA,δ(e) := P [EA,δ(z
′)\EA,δ(z)];
dene PB,δ and PC,δ similarly. A very lever remark due to Smirnov, whih is
atually the only plae in his proof where speis of the model (as opposed to
the lattie) are used, is that one an use olor-swapping arguments to prove that,
for every oriented edge,
PA,δ(e) = PB,δ(τ.e) = PC,δ(τ
2.e). (3.2)
On the other hand, sine dierenes of values of Hδ between points of Ωδ an
be omputed in terms of these funtions P·,δ, the disrete integral above an be
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rewritten using them: Letting E(γδ) be the set of edges ontained in the domain
surrounded by γδ and using (3.2), one gets∮
γδ
Hδ(z)dz =
∑
e∈E(γδ)
ψ(e)PA,δ(e) + o(1). (3.3)
A similar omputation, together with the fat that e∗+(τ.e)∗+(τ2.e)∗ is identially
equal to 0, leads to ∮
γδ
Sδ(z)dz = o(1). (3.4)
We again refer the reader to [3℄ for the details of this onstrution.
Notie that it already implies that s is holomorphi, hene onstant equal to
1, independently of the value of α; so, whether h is holomorphi or not, it will send
Ω¯ to the triangle of verties 1, τ and τ2 anyway. In the ase of the triangular lattie
embedded in the usual way, ψ(e) is also identially equal to 0, as was mentioned
above, so h is itself holomorphi, and the proof is omplete.
The remainder of these notes is devoted to some ideas about how to extend
the general framework of the proof to more general ases; it is not lear how lose
one is to a proof, but it is likely that at least one fundamentally new idea will
be required. However, we do believe that the overall strategy whih we will now
desribe is the right angle of attak of the problem. Do not expet to nd any
formal proof in what follows, though.
4. Other triangulations
4.1. Using loal shifts
The rst natural idea when trying to generalize the onstrution of Smirnov is to
try an apply it to more general periodi triangulations of the plane. Indeed, in all
that preedes, up to and inluding Equation (3.3), nothing is spei to the regular
triangular lattie, only Russo-Seymour-Welsh onditions (and their orollary that
pc = 1/2) are needed. It is only at the very last step, notiing that ψ was identially
equal to 0, that the preise geometry was needed.
The key fat that makes hope possible is the following (and it is atually
similar to one of the points we made earlier): In the expression of the disrete
integral as a sum over interior edges, eah term is the produt of two ontributions:
• ψ(e) whih depends on the geometry of the embedding, and through that on
the value of α;
• PA,δ(e) whih is only a funtion of the ombinatoris of Ωδ.
Even though Ωδ as a graph does depend on the hoie of α, one an make the
following remark: Applying the transformation ϕβ (for some β ∈ H) to both the
domain Ω and the lattie δTα does not hange Ωα as a graph. In partiular it does
not hange the value of PA,δ(e).
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One an then see the whole sum as a funtion β, say SΩ,δ(β). Beause ϕβ(z)
is a real-ane funtion of β, so is SΩ,δ; one an then try to solve the equation
SΩ,δ(β) = 0 in β. Using the orresponding ϕβ , one gets a joint hoie of a domain,
a lattie modulus and mesh, and a urve γ making the disrete ontour integral
vanish.
It the modulus thus obtained atually did not depend on Ω, δ or γ, we would
be done  all it αPercT and there is only bookkeeping left to do. However we do not
even know whether it has a limit as δ ↓ 0 . . . An alternative is as follows. Beause
the lattie is periodi, it makes sense to rst look at the sum
∑
ψ(e)PA,δ(e) over
one fundamental domain. If that is small, then over the opy of the fundamental
domain immediately to the right of the previous one, the terms ψ(e) are exatly
the same, and one is lead to ompare PA,δ for two neighboring pre-images of a
given edge of T .
So, let e be an edge of Ωδ, and let e+ δ be its image by a translation of one
period to the right. Making the dependeny on the shape of the domain expliit in
the notation, one an replae the translation of e by a translation of the domain
itself and the boundary points in the opposite diretion, to obtain
PΩA,δ(e+ δ) = P
Ω−δ
A,δ (e). (4.1)
To estimate the dierene between this term and the orresponding one in Ω, one
an onsider oupling two realizations of perolation, one on Ωδ and the other in
Ωδ − δ, so that they oinide on the intersetion between the two.
The event orresponding to PΩA,δ(e) is that there is an open simple path
separating the target of e and A from B, and C, and that no open simple path
separates the soure of e and A from B and C; this is equivalent to the existene
of 3 disjoint paths from the 3 verties of the fae at the soure of e to the 3 sides
of the onformal triangle (Ω, A,B,C), two of them being formed of open verties
and the third being formed of losed verties  f. Figure 6. For this to happen
in Ω but not in Ω− δ, one of these arms needs to go up to ∂Ω but not to ∂(Ω− δ),
and the only way for this to be realized is for a path of the opposite olor to
prevent it; this an be done in nitely many ways, Figure 6 being one of them;
PΩA,δ − PΩ−δA,δ an then be written as the linear ombination of the probabilities
of nitely many terms of that form  half of these atually orresponding to the
reversed situation, where arms go up to ∂(Ω− δ) but not up to ∂Ω.
In the ase orresponding to Figure 6, and all the similar ones, one sees that
3 arms onnet the soure of e to the boundary of Ω∩ (Ω− δ), and on at least one
point of that boundaries there have to be 3 disjoint arms of diameter of order 1.
There are O(δ−1) points on the boundary, and the probability that 3 suh arms
exist from one of them is known  at least in the ase of a polygon, whih is
enough for our purposes  to behave like δ2, see e.g. [17℄.
Another possible reason for the non-existene of 3 arms from the soure
of e to the orret portions of the boundary of Ω − δ (say) is that one of the
orresponding arms in Ω atually lands very lose to either A, B or C: Preventing
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B
C
A
e
Figure 6. A typial ase ontributing to PΩA,δ(e)−PΩ−δA,δ (e). The
original domain boundary is represented by a solid line, that of the
shifted domain bu a dashed-and-dotted line; open (resp. losed)
arms from the soure of e are represented as solid (resp. dotted)
lines, and the additional open path preventing the losed arm from
onneting to the boundary of Ωδ − δ is represented as a dashed
urve.
it from touhing the relevant part of ∂(Ω − δ) requires only one additional arm
from a δ-neighborhood of that vertex  i.e., a total of 2 arms of diameter of order
1. The probability for that (see [17℄ also), still in the ase when Ω is a polygon
with none of A, B or C as a vertex, behaves like δ. Fortunately, there are only 3
orners on a onformal triangle, so the ontribution of these ases is of the same
order as previously
Putting everything together, one gets an estimate of the form
PΩ−δA,δ (e) = P
Ω
A,δ(e) [1 +O(δ)] . (4.2)
Coming bak to our urrent goal, let E be the set of oriented edges in a given
period of Ωδ, and let E + δ be its image by the translation of vetor δ. Then,∑
e∈E+δ
ψ(e)PΩA,δ(e) =
∑
e∈E
ψ(e)PΩA,δ(e) [1 +O(δ)]
=
∑
e∈E
ψ(e)PΩA,δ(e) +O(δ2+η)
with η > 0; the existene of suh an η is ensured by Russo-Seymour-Welsh
type arguments again, whih ensure that, uniformly in e and δ, for every edge
e, PΩA,δ(e) = O(δη).
Now, if that is the way the proof starts, what needs to be done is quite lear:
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• Fix a period E of the graph,
• Choose α so that the previous sum, over this period, of ψ(e)PΩA,δ(e) is equal
to 0,
• Use the above estimate to give an upper bound for the same sum on neigh-
boring periods;
• Try to somehow propagate the estimate up to the boundary.
The last part of the plan is the one that does not work diretly, beause one needs
of the order of δ−1 steps to go from E to ∂Ω, and the previous bound is not
small enough to ahieve that; one would need a term of the order of O(δ3+η). It
is however quite possible that a more areful deomposition of the events would
lead to additional anellation, though we were not able to perform it.
4.2. Using inipient innite lusters
Another idea whih might have a better hane of working out is based on the idea
of inipient innite lusters. We are trying to ensure that
∑
ψ(e)PA,δ(e) is equal
to o(δ2) over a period for a suitable hoie of α; but for it to be exatly equal to 0
depends only on the ratios PA(e)/PA(e
′) within the period onsidered, and not on
their individual values. One an then let δ go to 0, or equivalently let Ω inrease
to over the whole spae, and look at this ratio.
Proposition 16. There is a map pi : E(Tˆ ) → (0,+∞) suh that the following
happens. Let e, e′ be two edges of Tα, whih we identify with Tˆ for easier notation,
and let δ = 1. Then, as Ω inreases to over the whole plane,
PΩA,1(e)
PΩA,1(e
′)
→ pi(e)
pi(e′)
,
uniformly in the hoies of A, B and C on ∂Ω. The map pi is periodi and does
not depend on the hoie of α.
Proof. The argument is very similar to Kesten's proof of existene of the inipient
innite luster (see [11℄); it is based on Russo-Seymour-Welsh estimates. It will
appear in an upoming paper [2℄. Notie that there is no requirement for A, B and
C to remain separated from eah other; this is similar to the fat that the inipient
innite luster is also the limit, as n → ∞, of ritial perolation onditioned to
the event that the origin is onneted to the point (n, 0)  whih in turn is
again a onsequene of Russo-Seymour-Welsh theory. The speed of onvergene is
ertainly dierent with and without suh restritions on the positions of A, B and
C, though. 
Seeing this Proposition, one is tempted to dene α by solving the equation∑
e∈E
ψ(e)pi(e) = 0, (4.3)
where again the sum is taken over one period of the lattie. Indeed, all that remains
in the sum, over the same period of the lattie, of ψ(e)PA(e) is omposed of terms
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of a smaller order. However, beause the limit taken to dene pi is uniform in the
hoies of A, B and C, in partiular it is invariant by re-labelling of the orners
of the onformal triangle; equivalently, taking PB instead of PA leads to the same
limit. Combining this remark with Equation (3.2), one gets the following identities:
∀e ∈ E(Tˆ ), pi(e) = pi(τ.e) = pi(τ2.e). (4.4)
In other words, pi(e) only depends on the soure of e. For every edge e = (z, z′),
let pi(z) := pi(e): If V is a period of V (Tˆ ), one has∑
e∈E
ψ(e)pi(e) =
∑
z∈V
pi(z)
∑
z′∼z
ψ((z, z′)) = 0
by using the remark in Equation (3.1). So, the equation (4.3) is atually always
true, and does not help in nding the value of α . . .
This is atually good news, beause it is the sign of emerging anellations
in the saling limit, whih were not at rst apparent; that means that the relevant
terms in (3.3) are atually smaller than they look at rst sight, whih in turn
means that making the leading term equal to 0 by the orret hoie of α leads to
even smaller terms.
Whether the overall strategy an be made to work atually depends on the
speed of onvergene in the statement of Proposition 16. In the ase of the tri-
angular lattie, one an atually use SLE to give an expliit expansion of the
ratio PA(e)/PA(e
′) as Ω inreases, at least in some ases; this is the subjet of an
upoming paper [2℄.
5. Other latties
5.1. Mixed perolation
We onlude the speulative part of these notes by some onsiderations about
bond-perolation on the planar square lattie. The ombinatorial onstrution we
perform here does apply to more general ases, but the probabilisti arguments
whih follow do not, so we restrit ourselves to the ase of Z2.
The general idea it to map the problem of bond-perolation on Z2 to one of
site-perolation on a suitable triangulation of the plane. Then, if the arguments
in the previous setion an be made to work, one ould potentially prove the
existene and onformal invariane of a saling limit of ritial perolation on the
square lattie.
The key remark was already present in the book of Kesten [10℄: For any bond-
perolation model on a graph, one an onstrut the so-alled overing graph on
whih it orresponds to site-perolation. More speially, let G1 be a onneted
graph with bounded degree; as usual, let E(G1) be the set of its edges and V (G1)
be the set of its verties. We onstrut a graph G2 as follows: The set V (G2) of
its verties is hosen to be E(G1), and we put an edge between two verties of G2
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if, and only if, the orresponding edges of G2 share an endpoint. Notie that even
if G1 is assumed to be planar, G2 does not have to be  see Figure 7 for the ase
of Z2.
Figure 7. The square lattie Z2 and its overing graph
The graph thus obtained from the square lattie is isomorphi to a opy of the
square lattie where every seond fae, in a hekerboard disposition, is ompleted
into a omplete graph with 4 verties. The next remark is the following: in terms
of site-perolation, a omplete graph with 4 verties behaves the same way as a
square with an additional vertex at the enter, whih is open with probability
1  with the same meaning as when we looked at renement of triangles in
triangulations, i.e. taking a hain of open verties in the partially entered square
lattie and removing from it the verties whih are fae enters leads to a hain of
open verties in the overing graph of Z2.
So, let again Gs be the entered square lattie, as was introdued above,
and let q ∈ [0, 1]; split the verties of Gs into three lasses, to dened a non-
homogeneous site-perolation model, as follows. Eah vertex is either open or
losed, independently of the others, and:
• The sites of Z2 are open with probability p = 1/2; we will all them verties
of type I, or p-sites for short, and denote by V1 the set of suh verties;
• The verties of oordinates (k + 1/2, l + 1/2) with k + l even are open with
probability q; we will all them verties of type II, or q-sites for short, and
denote by V2 the set of suh verties;
• The verties of oordinates (k + 1/2, l + 1/2) with k + l odd are open with
probability 1 − q; we will all them verties of type III, or (1 − q)-sites for
short, and denote by V3 the set of suh verties.
We will refer to that model as mixed perolation with parameters p = 1/2 and q,
and denote by P1/2,q the assoiated probability measure. Two ases are of parti-
ular interest:
• If q = 1/2, the model is exatly ritial site-perolation on the entered square
lattie Gs;
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• If q = 0 or q = 1 (the situation is the same in both ases up to a translation),
from the previous remarks mixed perolation then orresponds to ritial
bond-perolation on the square lattie.
Besides, all the models obtained for p = 1/2 are ritial and satisfy Russo-Seymour-
Welsh estimates.
5.2. Model interpolation
We are now equipped to perform an interpolation between the models at q = 0 and
q = 1/2. Let (Ω, A,B,C,D) be a simply onneted subset of Z2 equipped with 4
boundary points  say, a retangle; let U = UΩ,A,B,C,D be the event, under mixed
perolation with parameters p = 1/2 and q, that there is a hain of open verties of
Ω joining the boundary ars (AB) and (CD). To estimate the dierene between
the probabilities of U for the two models we are most interested in, simply write
P1/2,1/2[U ]− P1/2,0[U ] =
∫ 1/2
0
∂
∂q
P1/2,q[U ] dq. (5.1)
If perolation is indeed universal, then one would expet anellation to our,
hopefully for eah value of q; the optimal statement being of the form
lim
Ω↑Z2
sup
A,B,C,D∈∂Ω
sup
q∈(0,1)
∂
∂q
P1/2,q[U ] = 0. (5.2)
The main ingredient in the estimation of the derivative in q is, as one might expet,
a slight generalization of Russo's formula; to state it, we need a denition:
Denition 17. Consider mixed perolation on Gs, and let E be a ylindrial in-
reasing event for it (i.e., an event whih depends on the state of nitely many
verties). Given a realization ω of the model, we say that a vertex v is pivotal for
the event E if E is realized for the onguration ωv where v is made open, and
not realized for the onguration ωv where v is made losed. We will denote by
Piv(E) the (random) set of pivotal verties for E.
Proposition 18. With the above notation, one has
∂
∂q
P1/2,q[U ] = E1/2,q [|Piv(U) ∩ Ω ∩ V2| − |Piv(U) ∩ Ω ∩ V3|] .
Proof. The argument is the same as in the proof of the usual formula (in the ase
of homogeneous perolation); we refer the reader to the book of Grimmett [8℄. 
As was the ase in the previous setion, one an relate the event that a given
site is pivotal to the presene of disjoint arms in the realization of the model, with
appropriate olor. More preisely, a q-site (say) v ∈ Ω is pivotal if, and only if, the
following happens: v is at the enter of a fae of Z2; two opposite verties of that
fae are onneted respetively to the boundary ars (AB) and (CD) by disjoint
hains of open verties; the other two verties of the fae are onneted respetively
to the boundary ars (BC) and (AD) by disjoint hains of losed verties; and none
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of the hains involved ontains the vertex v. To state the previous desription more
quikly, there is a 4-arm onguration with alternating olors at vertex v, and the
endpoints of the arms are appropriately loated on ∂Ω  see Figure 8.
B
C
D
v
A
Ω
Figure 8. A four-arm onguration at vertex v making it pivotal
for the event U(Ω, A,B,C,D).
The main feature of mixed perolation in the ase of the entered square
lattie is the following: Starting from a onguration sampled aording to P1/2,q
and shifting the state of all verties by one lattie mesh to the right, or equivalently
ipping the state of all verties, or rotating the whole onguration by an angle of
pi/2 around a site of type I, one gets a onguration sampled aording to P1/2,1−q;
on the other hand, rotating the piture by pi/2 around a vertex of type II or III
leaves the measure invariant.
Notie that the existene of 4 arms of alternating olors from a given vertex v
is invariant by olor-swapping; the onguration in Figure 8 is not though, beause
the arms obtained after the olor hange onnet the neighbors of v to the wrong
parts of the boundary. Nevertheless, one an try to apply the same reasoning as
in the previous setion, as follows: Let v′ be the vertex that is one lattie step to
the right of v. If v is a vertex of type II, then v′ is a vertex of type III, and up to
boundary terms, one an pair all the q-sites in Ω to orresponding (1− q)-sites.
To estimate the right-hand term in the statement of Proposition 18, let
∆(v) := P [v ∈ Piv(U)]− P [v′ ∈ Piv(U)].
Our goal will be ahieved if one is able to show that ∆(v) = o(|Ω|−1); or equiv-
alently, if Ωδ is obtained from a xed ontinuous domain by disretization with
mesh δ, if one has
∆(v) = o(δ2).
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In the ase of ritial site-perolation on the triangular lattie, arguments
using SLE proesses give an estimate to the probability that a vertex is pivotal,
and from universality onjetures it is natural to expet that they extend to the
ase of mixed perolation on Ts. They involve the 4-arm exponent of perolation,
and would read (still in the ase of a xed domain disretized at mesh δ) as
P [v ∈ Piv(U)] ≈ δ5/4.
So, shifting the domain instead of the point as we did in the last setion, one
would expet an estimate on ∆(v) of the order
∆(v) ≈ δ9/4
(where the addition of 1 in the exponent orresponds to the presene of a 3-arm
onguration at some point on the boundary on either the original domain or its
image by the shift). Sine 9/4 > 2, that would be enough to onlude.
However, this approah does not work diretly, beause of the previous remark
that the shift by one lattie step does hange the measure, replaing q by 1− q. If
one is interested in the mere existene of the 4 arms around a vertex, ombining
the shift with olor-ipping is enough to anel the eet; but the estimate one
obtains that way is of the form
P [v ∈ Piv(UΩ,A,B,C,D)]− P [v′ ∈ Piv(UΩ,B,C,D,A)] ≈ δP [v ∈ Piv(UΩ,A,B,C,D)]
(5.3)
(and Russo-Seymour-Welsh estimates are atually enough to obtain a formal proof
of this estimate).
So, one again, what is missing is a way to estimate how muh P [v ∈
Piv(UΩ,A,B,C,D)] depends on the loation of A, B, C and D along ∂Ω; if the
dependeny is very weak, then the estimate in Equation (5.3) might atually be
of the right order of magnitude. One again, it is likely that the way to proeed
is to use a modied version of the inipient innite luster onditioned to have 4
arms of alternating olors from the boundary, and that the order of magnitude of
∆(v) will be related to the speed of onvergene of onditioned perolation to the
inipient lusters; but we were not able to onlude the proof that way. It would
seem that this part of the argument is easier to formalize than that of the previous
setion, though, and hopefully a lever reader of these notes will be able to do just
that . . .
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